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ABSTRACT 

The  structure  of  an  acyclic  directed  graph  with  n  vertices  and 
m  edges,  maximizing  the  number  of  distinct  paths  between  two  given  vertices, 
is  studied.  New  techniques  for  solving  this  problem  are  developed,  thus 
enabling  us  to  extend  previous  results. 


I.   INTRODUCTION 

1 .1  In  this  work  we  continue  to  investigate  the  structure  of  an  acyclic 
directed  graph  with  n  vertices  and  m  edges,  maximizing  the  number  of  distinct 
paths  between  two  given  vertices. 

In  previous  work  it  was  shown  that  there  exists  such  a  graph 
containing  a  Hamiltonian  path,  thus  uniquely  ordering  the  vertices.  The 
length  of  an  edge  (i,j)  is  defined  now  as  k=j-i  and  it  belongs  to  level  k. 
It  was  further  shown  that  such  a  graph  contains  k-1  full  levels  and  some  edges 
of  level  k  -  a  deficient  k-generalized  Fibonacci  graph. 

1 .2  We  investigate  the  distribution  of  the  edges  in  level  k.  In  particular, 
we  find  that  even  for  k=3  the  structure  is  quite  complicated.  The  behaviour 

of  the  solution  is  different  in  three  ranges  of  the  number  of  the  edges  (called 
"phases").  We  show  some  forbidden  configurations  for  the  solution.  These 
observations,  combined  with  some  local  properties,  lead  to  the  solution  for 
the  different  phases.  The  proof  techniques  which  were  developed  can  help  to 
investigate  the  more  complicated  distribution  of  the  edges  in  levels  k,  k>3. 

1 .3  Section  2  presents  the  problem,  and  the  solution  is  summarized  in  section 
3.  The  analysis  of  the  solution  relies  on  certain  local  properties  studied 

in  section  4.  The  solution  is  partitioned  into  three  phases,  and  these  phases 
1,  2  and  3  are  the  subject  of  sections  5,  6  and  7,  respectively.  General 
description  of  the  proof  techniques  appear  in  the  beginning  of  section  5. 


II.  PRESENTATION  OF  THE  PROBLEM 

2.1  Let  G  be  an  acyclic  directed  graph  without  multiple  edges  or  isolated 

vertices,  containing  two  distinguished  vertices  s  and  t.  Define  N(G)  to  be 

the  number  of  distinct  paths  from  s  to  t.  We  consider  the  following  problem: 

given  integers  n  and  m,  find  a  graph  G  with  n  vertices  and  m  edges  maximizing 

N(G).  We  call  such  a  graph  G  a  maximum  path  graph  and  define  N   =N(G). 

Clearly  N    is  defined  in  the  domain  n-1  <  m  <  (0)  . 
n,m  —   —  V  l  I 

2.2  In  Perl  [1]  several  cases  of  maximum  path  graphs  are  studied,  given 
only  the  number  of  edges  m.  It  is  shown  that  for  acyclic  directed  graphs 
without  multiple  edges  the  (almost)  Fibonacci  graphs  are  maximum  path  graphs 
for  (even)  odd  number  of  edges.  Examples  are  shown  in  figure  1.  It  is 
clear  that  for  a  (almost)  Fibonacci  grapK  G  of  n  vertices  N(G)=F  (N(G)= 

2F  „),  where  [f]  is  the  Fibonacci  sequence  defined  by 


Fl  ■  F2  *  !  • 


Fi  +  1  "  Fi  +  Fi-1 


for  i  >  1 


Hence  N  ,  -  =  ¥n     and  N  0n   .  =  2Vn  0   . 


The  Fibonacci  graph  for  n=7 


The  almost  Fibonacci  graph  for  n=7 


2.3  In  Gol umbic  and  Perl  [2]  maximum  path  acyclic  directed  graphs  are 
studied,  given  the  number  of  vertices  n  and  the  number  of  edges  m.  It  is 
shown  that  there  exists  such  a  maximum  path  graph  containing  a  Hamiltonian 
path,  thus  uniquely  ordering  the  vertices  {1,2,.. .n} .  Hence,  all  the  edges 
are  of  the  form  (i,j),  i<j.  The  length  of  an  edge  (i,j)  is  k=j-i ,  and  it 
belongs  to  level  k.  The  number  of  distinct  paths  from  vertex  1  to  vertex 
i  is  denoted  by  P(i),  and  N(G)=P(n).  It  is  further  shown  that  if  a  maximum 
path  graph  contains  an  edge  of  level  k  then  all  the  previous  levels  are  full; 
i.e.  all  the  edges  of  these  levels  belong  to  the  graph. 

Therefore,  either  the  graph  contains  exactly  k  full  levels,  or  k-1 

full  levels  and  some  edges  of  level  k.  A  graph  of  the  first  kind  is  called 

k 
a  k-generalized  Fibonacci  graph,  since  the  nimber  of  paths  it  contains  is  F  , 

the  n-th  k-generalized  Fibonacci  number,  defined  by 


< 


1 

i"1   k 

J-J   J 

i_1   k 
Fd 


1-1,2  , 

i  <  k  , 
i  >  k  . 


I  j=i-k 

A  graph  of  the  second  kind  is  called  deficient  k-generalized  Fibonacci  graph 
Examples  are  shown  in  figure  2. 


(1) 


A  3-generalized  Fibonacci  graph 


(2) 


A    deficient  3-generalized  Fibonacci   graph 
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2.4     In  this  paper  we  investigate  the  distribution  of  the  edges  of  level   k 
in  a  deficient  k-generalized  Fibonnaci   graph.     We  refer  to  such  a  graph  as 
the  solution.     The  solution  for  k=2  is  given  in  [2]   .     We  find  that  even  for 
k=3  the  structure  is  quite  complicated,  and  this  work  is  dealing  only  with 
this  case.     The  solution  for  k>3  seems  to  be  more  complicated,  but  of  the 
same  spirit  as  the  one  for  k=3.     Thus  the  understanding  and  the  proof  tech- 
niques which  were  developed  here  can  help  to  investigate  the  solution  for  k>3, 

For  convenience  we  will   refer  and  draw  only  edges  of  level    3,  and 
also  describe  level    3  by  a  0,1-sequence     cic2"*cn-3   '  wnere  ci  =  ^    if     (1  »1+3) 
is  an  edge  and  0  otherwise.     For  example,   the  sequence  100101   describes   the 
graph  of  figure  2(2).     A  compact  representation  of  this  binary  sequence  is 
used  whenever  possible.     For  example,   (100)301 (Oil )2     means   10010010001011011, 
[x]  means  that  x  is  optional;   for  example,   10[0](100)       represents  both 
100(110)k  and   10(110)k. 


III.   DESCRIPTION  OF  THE  SOLUTION 

3.1  Let  us  note  first  that  the  solution  is  not  unique,  and  thus  we  only  claim 
that  the  graph  described  is  a  solution.  The  behaviour  of  the  solution  is 
different  for  three  ranges,  where  the  number  of  edges  in  level  3  is  about 

(1)  up  to  one  third,  (2)  between  one  third  and  two  thirds,  and  (3)  more  than 
two  thirds  of  the  n-3  possible  edges  in  this  level.  These  ranges  are  called 
phase  1 ,  phase  2  and  phase  3,  respectively. 

3.2  First  we  mention  local  properties  of  the  solution.  Let  I  denote  the 
number  of  edges  in  level  3,  0  <  I  <  n-3.   If  I>1  then  the  solution  contains 
both  end-edges  (1,4)  and  (n-3,n).  Furthermore,  if  I<n-5  then  there  exists 

a  solution  not  containing  the  near-end  edges  (2,5)  and  (n-4,n-l).  For  example, 
the  solution  for  n=9,  1=3  (figure  2(2))satisfies  both  properties. 

Two  edges  are  disjoint  if  they  have  no  common  interval. 
A  run  of  consecutive  disjoint  edges  is  described  by  the  configuration  (001)  00, 
k>l.  If  a  graph  does  not  contain  the  edge  (i,j)  then  (i,j)  is  a  non-edge.  If 
the  graph  contains  neither  of  (i,i+3),  (i+l,i+4)  and  (i+2,i+5)  then  (i+2,i+3) 
is  a  gap. 

3.3  We  describe    the  three  phases  of  the  solution. 
Phase  1:  I  <  I  ^-1  . 

(  ttj  denotes  the  largest  integer  not  larger  than  t.) 

The  graph  is  composed  of  two  runs  of  consecutive  disjoint  edges, 

one  starting  and  the  other  ending  with  end-edges.  The  number  of  edges  in 

each  run  is  arbitrary.   In  case  I=(n-l)/3,  where  n=  l(mod  3),  the  two  runs 

merge  into  one. 

Examples:  (100)V(001  )2,  (100)41. 


Phase  2: 


n+2|   .   |2n-6|. 

n  case  n  ^  l(mod  3)  the  solution  is  composed  of  two  runs  of  con- 


secutive disjoint  edges,  one  starting  and  the  other  ending  with  both  end- 
edges.  The  number  of  the  edges  in  the  two  runs  is  arbitrary,  except  that 


the  two  near-end  edges  are  not  contained  in  a  run. 

Examples:  100(110)401  (which  is  composed  of  (100)502  and  02(001)5  ), 

(100)210(110)21. 

In  case     n  =  l(mod  3)   the  solution  is  composed  of  two  runs  of  con- 
secutive disjoint  edges,  one  starting  and  ending  with  both  end-edaes ,  and 
the  other  run  starting  at  any  vertex  but  not  containing  a  near-end  edae. 
Examples:    (100)2(1 10)21 ,   10010(1 10)301 . 

There  are  two  border  cases  discussed  later. 
Phase  3:        I   >  2  I  jl  -   1    . 

The  structure  of  the  graph  is  quite  complicated  in  terms  of  runs 
of  consecutive  disjoint  edges.     On  the  other  hand,  the  solution  contains  all 
n-3  edges  except  two  runs   of  consecutive  disjoint  non-edges ,  one  starting  at 
one  near-end  edge  and  the  other  ending  with  the  other  near-end  edge,    (compare 
with  phase  1).     We  conjecture  that  the  number  of  non-edges   in  these  runs 
differs  by  at  most  one. 
Examples:    1 (01 1 )212(011 )201 ,   1 (011)31 (Oil )201 . 

3.4  Border  cases :     There  are  two  border  cases.     One  occurs  between  phases   1 
and  2,  and  is  of  the  form  ( 100) J 101  (001  )k,  j,k>0,   in  the  case  when  n=0(mod  3) 
and  I=n/3;   the  second  one  is  between  phases  2  and  3,  and  is  of  the  form 
l(011)J010(110)kl,  j,k>0   (and  we  conjecture     j-k<l)     when  n=2(mod  3)  and 
I=(2n-7)/3.     These  two  configurations  resemble  phases   1  and  3,  respectively, 
more  than  phase  2,  but  from  another  point  of  view  (the  forbidden  confiqurations 
mentioned  in  the  sequel)   they  belong  to  phase  2,  and  therefore  they  are 
discussed  in  section  6.     Note  that  by  exchanging  the  0's  and  l's  in  the  first 
border  case,  and  adding  1   in  both  ends,  we  get  the  second  border  case. 

3.5  The  structure  of  the  solution  is  surprisinqly  complicated,  and  seems   to 
be  a  combination  of  several   properties,  which  clarify  it  and  can  help  studying 
the  higher  levels. 


(1)  Boundary  conditions:     Existance  of  end-edqes  and  absence  of  near-end  edges 
in  the  solution. 

(2)  Locally  uniform  distribution:  The  distribution  of  the  edges  along  the 
Hamiltonian  path  is  "locally  uniform"  in  some  sense.  This  property  is 
expressed  by  forbidden  configurations  for  the  different  phases:  11,101 
in  phase  1,   111,000,01010,10101   in  phase  2,  and  00,010  in  phase  3. 

(3)  Runs:     The  solution  contains  runs  of  consecutive  disjoint  edges. 

The  solution  has  also  a  monotonity  property,  namely,  a  solution 
for  m  edges  is  obtainable  from  that  for  m-1  edges  by  adding  one  more  edge. 
This  monotonity  holds  except  for  the  border  case  between  phases  2  and  3. 
3.6     We  conclude  the  description  of  the  solution  by  presenting  the  solutions 
for  n=12,13  and  14     and  eyery  possible  I,  partitioned  into  the  phases   (  * 
denotes  the  border  cases).   The  monotonity  property  is  reflected  in  this 
example. 

n  =  13 


n  =  12 

100000000 
100000001 
100100001 
100101001 
100101101 
101101101 

loimioi 

111111101 

nmini 


1000000000 
1000000001 
1001000001 
1001001001 
1011001001 
1011011001 
1011011101 

lonnnoi 
niniiioi 
niiiimi 


n  =  14 

10000000000 

10000000001 

10010000001 

10010001001 

10010011001 

10011011001 

10110101101  * 

10110111101 

10111111101 

11111111101 

11111111111 


IV.  LOCAL  PROPERTIES 

4.1  We  begin  with  the  following  observation.  Let  G,  and  G«  be  two  graphs  with 
I  edges  in  level  3,  such  that  their  structure  from  vertex  i  to  vertex  n  is  the 
same.  The  functions  P-j(i)  and  P9(i)  denote  the  number  of  paths  from  vertex 

1  to  vertex  i  in  G,  and  G,,,  respectively,  and  a(i)  =  P2(i  )-P-.  (i ) .  If  for  some 
vertex  j ,  j>i ,  we  have 

then   N(G2)  >  N^). 

Furthermore,  if  c-=0  (i.e.  (i,i+3)  is  a  non-edge)  and 

P2(i+2)  >  P1(1+2)  ,  P2(i+3)  >_  P1(1+3) 
then   N(G2)  >  N(G-|).  In  case  c-+,=0  this  is  trivial.  Otherwise   P2(i+3)  = 
P2(i+2)  +  P2(i+1)  since  c.=0.  Therefore 

P2(i+4)  =  P2(i+3)  +  P2(i+2)  +  P2(i+1)  =  2P2(i+3) 

>  2P1(i+3)  =  P1(i+3)  +  P1(i+2)  +  P1(i+l)  =  P^i+4)  . 

Hence     N(G«)  >.N(G,)  by  the  first  observation. 

4.2  Theorem 

Every  solution  contains  both  end-edges   (if  1=1   then  only  one  end-edge), 
Proof:   We  prove  that  the  solution  contains  the  edge  (1,4).     The  proof  for 
(n-3,n)   follows  by  symmetry.     Suppose  that  a  solution  G,   starts  with  0       1    , 
i>l.     Let  G2  be  the  graph  obtained  from  G,   by  replacing  this  configuration  by 
lO1""1    . 

P,(i+3)   is  equal   to  the  number  of  paths   in  the  opposite  direction 
from  i+3     to     1   in  G,.     Thus     P2(i+3)  =  P,(i+3).      It  is  clear  that     P2(i+2)> 
P1  (i+2)     and     P2(i+1)   >  P,(i+1).     Thus     N(G2^   >  N(G-,),     contradicting  the 
optimal ity  of  G, .     Hence  G,  must  contain  the  edge  (1,4).  □ 


Corollary:   Nn>2n_2  =  Fn  +  F^  .   N^.,  ■  Fp  ♦  2Fn_3  +  Fp.6  . 
4.3  Theorem 

There  exists  a  solution  not  containing  the  near-end  edges  (unless  I>n-4) 
Remark:  A  stronger  version  of  the  theorem  is  false;  for  example,  11001  is  a 
solution  containing  a  near-end  edge. 

Proof:  We  prove  it  for  the  edge  (2,5);  the  proof  for  (n-4,n-l)  follows  by 
symmetry.  Suppose  that  a  solution  G,  contains  the  edge  (2,5).  Then  G]  beoins 
with  11_10  ,  i>2.  Let  G2  be  the  graph  we  get  by  replacinq  this  configuration 
by  1011"2  .  We  compute  A(j)  =  P2(j)-P-|(j)  for  j=i+2,i+3  : 

A(1+2)  =  P2(i+2)  -  P^i+2)  =  (F^+2  -  F^_2  )  -  F^+2  =  -F^2  <  0  , 

A(i+3)   =  P2(i+3)   -   P^i+3)   =   (F*+3     -  F^    )   -   (Fi3+2     +  F^    ) 
=   Fl2     +  Fi3-3  >  °« 


se 


If  c+,=l   then  P1  (i+4)  =  P2(i+4)     by  symmetry,  otherwi 

A(i+4)  =  A(i+3)  +  A(i+2)  =  F?_3     . 
Thus     a( i+4)  ^0     in  both  cases. 

A(i+5)  >  A(i+4)  +  A(i+3)  +  A ( i  +2 ) 
since  in  case  c+2  =  0     A ( i  +2 )  <  0     is  omitted.     Thus     a(i'+5)  >  Fi_3  >  0   , 
and     N(G2)  >  N(G-j)    ,     and  G2  is  also  a  solution.  □ 

The  next  lemma  presents  inequalities  used  later. 
4.4     Lemma 

1.  |p(i)   <  P(i+D   <  2P(i)  for  1   >  2   . 

2.  |f(i)  <  P(i+2)  <  l^P(i)  for  i   >  3  . 

3.  4P(i)   <  P(i+3)   <  ^P(i)  f or  i   >  3  . 

4.  §P(i+2)  <  f|p(i+2)   <  P(i+3)  <  2P(i+2)  if  c^l    ,       for  1   >  3 

5.  P(i+4)  =  2(P(i+3)     iff     c.=0  and  ci+i=l    ,       for  i   >  1    . 

Prnnf •     coo       AnnonrH  y    A 
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V.  PHASE  1 


5. 1  We  first  describe  Droof  techniques,  which  are  used  for  all  three  phases, 
and  then  demonstrate  them  in  this  section  for  phase  1,  which  is  simpler  than 
both  phases  2  and  3. 

An  essential  tool  in  our  proofs  is  to  express  the  number  of  paths 
to  any  vertex  j,  in  a  special  configuration  of  a  graph,  as  a  function  of  P(a) 
and  P(b),  where  a  and  b  are  two  vertices  at  the  beginning  of  this  configuration. 
Such  special  structures  are  (100)1,  (HO)1,  i>0,  and  1  ,  i>3,  for  phases  1, 
2  and  3,  respectively.  This  enables  us  to  measure  the  effect  of  some  local 
transformations  on  N(G).  We  use  this  technique  to  prove  that  some  configu- 
rations are  forbidden  for  the  different  phases.  By  eliminating  these  forbidden 
configurations  we  establish  some  order  in  the  structure. of  the  solution. 
Thereafter,  more  local  transformations  are  used  to  determine  the  exact  structure 
of  the  solution,  many  technically  involved  calculations  were  required  in  the 
proofs,  and  only  few  of  them  are  given  in  the  text;  more  proof  details  are 
found  in  the  Appendices. 

5.2  Lemma 

The  number  of  paths  P(b+j)  to  the  j-th  vertex  from  b,  j>l,  in  a 

configuration  OIOO(IOO)1  ,  i^O,  can  be  expressed  as  a  function  of  P(b)  and 

abc 
P(c)  (and  as  a  function  of  P(a)  and  P(b)  if  the  configuration  is  preceded  by 

a  0),  where  a,b  and  c  are  three  consecutive  vertices  at  the  beginning  of  this 

configuration,  as  follows: 

3-51"1-   z  j  =  31+1    ,     i   >  1    , 


P(b+j)     =      < 


■  i 


5   ■ 
i 


j  =  3i+2   ,     i  _>_  0   , 
2-5'-   z  j  =  3i+3   ,     i   >  0   , 

where     z  =  P(b)  +  P(c)     (and,   if  0  precedes  the  configuration,  z  is  also 
P(a)  +2P(b)    ). 
Proof:   By  a  straightforward  induction  on  j,   using  the  corresponding  formulae 
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P(b+3i+l)  =  P(b+3i)  +  P(b+3i-l),   P(b+3i+2)  =  P(b+3i+l)  +  P(b+3i)  ,  and 
P(b+3i+3)  =  P(b+3i+2)  +  P(b+3i+l)  +  P(b+3i)  .  D 

We  turn  now  to  the  structure  of  phase  1. 
5.3  Theorem 

In  phase  1  of  the  solution  the  edges  are  disjoint  (i.e.  no  two 
edges  intersect). 

Proof:  We  show  that  if  the  solution  G  contains  non-dis joint  edges,  namely  G 
contains  either  a  11  or  a  101  configuration,  then  it  is  possible  to  transform 
G  into  a  graph  G,  such  that  N(G,)  >  N(G)  ,  contradicting  the  optimality  of  G. 

Since  i  phase  1  I  ,<|n/3J  >  the  existance  of  either  11  or  101  implies 
the  existance  of  a  gap,  which  corresponds  to  a  000  configuration,  in  G.  Without 
loss  of  generality  (wlog)  we  consider  a  first  occurrence  of  either  11  or  101,  to 
the  left  of  a  000  configuration. 

Case  1:  101  . 

k-1 
Wlog  we  assume  the  configuration  101(001)       000     in  G.     The  graph  G-, 

k+1 
is  obtained  from  G  by  replacing  this  configuration  by     (100) 

G     :  -10     10     0       (100)k_1       0     

u     v    w     a     b  i   i+1  i+5 

G1    :  -10     0     10     0     (100)k_1         

u     v    w     a     b  i+1  i+5 

We  denote    y  =  P(a)  +  P(b)     and     z  =  P(a)  +  2P(b)       (note  that     P^a)  =  P(a) 

and     P.|(b)  =  P(b)   ).     P,  P,  and  a  =  P1   -  P     for  the  vertices     i   -     i+5 

are  summarizes  in  table  1.     The  calculations  are  based  on  lemmata  4.4  and  5.2, 

and  some  of  them  are  given  here;     the  rest,  being  simpler,  are  left  to  the 

reader. 

A(i+3)  =  5-5k-  z  -  8-5k-  y  =  5k  C-3P(a)  +2P(b)]     >  0   ,     by  lemma 

4.4(4).        If  ci+1  =  1     then  lemma  4.4(5)   implies     that     a(i+4)  =  2  a(i'+3)  >  0. 
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P 

pl 

A    =    P,     -    P 

i 

2-5k- 

y 

5k- 

z 

-  5k  P(a)         <  0 

i+1 

3-5k- 

y 

2-5k- 

z 

5k(   P(b)   -  P(a)    )  >  0 

i+2 

5-5k- 

y 

3-5k- 

z 

5k(   P(b)   -  2P(a))   <  0 

i+3 

8-5k- 

y 

5-5k- 

z 

5k(2P(b)   -   3P(a))   >  0 

c1+l-l    ,  i+4 

16-5k- 

y 

10-5k- 

z 

5k(4P(b)   -  6P(a))  >  0 

ci+1=0   ,   i+4 

13-5k- 

y 

8-5k- 

z 

5k(3P(b)   -  5P(a))   >  0 

ci+2=ci+1=l    ,   i+5 

29-5k- 

y 

18-5k- 

z 

5k(llP(a)+  7P(b))  >  0 

Ci+2=1'ci+l=0'i+5 

26-5k- 

y 

16-5k- 

z 

5k(  6P(a)-10P(b))  >  0 

Table  1 


If  ci+1  =  0   then  a ( i  +4 )  =  8-5k-  z  -  13-5k.  y  =  5k  [-5P(a)+3P(b)]>  0 
by  lemma  4.4(4). 

If  c.+«  =  0  then  the  previous  inequlities  imply  N(G,)  >  N(G)  . 

If  c.+0==   c.xl  =  1  then  a ( i  +5 )  =  18-5k-  z  -  29-5k-  y  = 
5k  [-HP(a)+7P(b)]  >  5k  [6P(b)-10P(a)]  >  0,  by  lemma  4.4(4).   If  ci+2  =  1 
and  ci  +  1=0  then  by  lemma  4.4(5)  a(i'+5)  =  2a(i'+4)  >  0  ,  and  again  N(G])  >  N(G) . 
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Case  2:  11  . 

Wlog  we  assume  the  configuration  11(001)  000  in  G.  Replacing  this 

k+1 

configuration  by  (100)   10  can  be  shown  to  increase  N(6),  a  contradiction.   □ 

From  now  on  we  omit  long  technical  proofs  in  case  when  the  proof 
technique  has  already  been  demonstrated,  as  we  did  in  case  2  above. 
5.4  Theorem 

In  phase  1  the  solution  contains  exactly  two  runs  of  consecutive 
disjoint  edges;  one  of  j  edges,  j >1 ,  starting  at  one  end-edge,  and  the  other 
of  k  edges,  k>l,  ending  at  the  other  end-edge,  where  j  +  k  =  I.  i.e.  the 
solution  is  of  the  form  (100)J0n~3~3I(001 )k  . 

Proof:  By  theorem  5.3  the  edges  in  the  solution  are  disjoint,  and  by  theorem 
4.2  both  end-edges  belong  to  the  solution.  We   could    obtain    the  solution 
by  applying  local  transformations  and  measuring  their  effect,  using  previous 
techniques  (similar  to  the  proof  technique  of  theorem  5.3).  Instead,  we  present 
a  different  proof,  based  on  a  global  approach.  We  could  not  find  such  proofs 
for  the  other  phases,  which  have  a  more  complicated  structure. 

We  first  calculate  N(6)  for  the  solution  G  (100)J0n"3"31 (001 )k  , 
writing  G  as 

1  0  0  (100)J-2  10  0  0  on-3I+1  10  0  1  (001)k~2  . 
u  v  a  b         c  d 

By  lemma  5.2     P(a)  =  5J_1.  z       and     P(b)  =  2»5J~  .   z     ,     where 
z  =  P(u)  +  P(v)  =  1+1   =2.   Note  that   the  coefficients  of     5J'_1-   z    ,     1   and  2   , 
are  the  Fibonacci  numbers  F?  and  F„   ,  respectively.     Hence 

P(c)   =  2.5J-1-    Fn.3I+2       and         P(d)  =  2.5^-    Fn.3I+3     . 

Then,  by    lemma  5.2,  we  get 

.       P(n)  =  2.5k_1.(P(c)  +  P(d))  =  2.5k-1.2-5j-1.(Fn_3I+2  +  Fn_3I+3) 

=  4-  5j+k-2.  F 

n-3T+4 » 
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hence    N(G)  =  P(n)  =  4-51"2-  F  ,T±, 

n-3I+4. 

0   1      1-1   I 
Suppose  G,  contains  I  arbitrary  disjoint  edges:  0  10  1  -  -  - 10    10   , 

I  ' 

where         z       t.   =  n-3-I.     Write  G,   as 

i=0       ]  ' 

t/->  L-i~0  Lp-J  L  t     -I  tj"0 

0  U     1     0     0     0     0    '  10000^       1    •••   1     0  1"1   1     0     0     0     0  ' 

a     b  c     d  e     f 

P(a)  =  F   ~  ,  and  by  lemma  4.4(5)  P(b)  =  2P(a)  =  2F.  .,  .  The  coefficients 

x0  J  r0  J 

of  F.  +3  in  P(a)  and  P(b),  namely  1  and  2,  are  the  Fibonacci  numbers  F«  and  F_  , 

respectively.  Hence  P(c)  =  F  +-«  F.  +3  ,  and  by  lemma  4.4(5)  we  get   P(d)  = 

2F.  +3«  F.  +3  .  It  can  be  proved  by  induction  on  I  that 

p(9)   =  p    •  F    •  F     •  •  •  F 

ne;   rtQ+3  r^+3  rt2+3     rtI_-|+3  ' 

P(f)  =  2P(e)  ,   and 

N(G)  =  P(n)  =  FtQ+3-  Fti+3.  F^^  .-•  F^^-  F^  . 

It  remains  to  prove  that 

1-2 
F    •  F      •••    F      •  F      <  4 •  <S   -  F 

rtQ+3  r^+3        Vl*3   V3  n-3I+4 

for  any  n,  0  <  I  <_  15-  ,  and  a  sequence  {t. }  satisfying  z   t.  =  n-3-I. 
The  proof,  by  induction  on  I,  can  be  found  in  Appendix  B.  D 

Corollary:  T  9 

M       =  4-R   •  F 
n,2n-3+I   4  D     n-3I+4 


for   3  <  I  < 


liJ 
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VI.  PHASE  2 


6.1  Lemma 

The  number  of  paths  P(a+j)  to  the  j-th  vertex  from  a  in  a  configu- 

ration   0110(110)  •••   in  G  can  be  expressed  as  a  function  of  P(a)  and  P(b), 

ab 
where  a  and  b  are  two  consecutive  vertices  at  the  beginning  of  the  configuration, 


as  follows 


P(a+j)  =  ad  (  P(a)  +  P(b)  )  -  aj_3  P(a)  , 


where  the  a.'s  satisfy 
J 


a^  =  0  ,  a,  =  a?  =  1  ,  and  for  i>l 


a3i   =  a3i-l  +  a3i-2  +  a3i-3  =  2a3i-l    ' 


a3i  +  l  =  a3i   +  a3i-l   +a3i-2   ' 


a3i+2       a3i+l   +  a3i    * 


Proof:     by  induction.  □ 

Next  we  will   use  the  fact  that  in  phase  2     pyM<   I  <   pxj       to 

show  forbidden  configurations  for  this  phase. 

6.2  Theorem 

The  solution  in  phase  2  contains  no  configuration  111  . 

Proof:  We  assume  that  a  solution  G  contains  a  configuration  111,  and  show  that 

it  is  possible  to  transform  G  into  G,  such  that  N(G,)>N(G),  contradicting  the 

optimal ity  of  G.  Wlog  we  consider  the  rightmost  occurrence  (in  G)  of  either 

lll(011)k00    or    in(on)koio  ,     k>0. 

Case  1:  lll(011)k00  . 

k+1 

construct  G-,  by  replacing  this  configuration  by  1(011)   0.  Applying 

lemma  6.1  we  calculate  the  number  of  paths  to  two  vertices  i  and  i+1  in  both  G 
and  G-,  . 
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G  : 


1 

1 

1 

0 

1 

1 

w 

a 

b 

c 

cl 

e 

1 

0 

1 

1 

0 

1 

a 

b 

c 

(011)k_1    0   0 


i  i+1  i+2 


1   (Oil) 


k-1 


•      • 


i  i+1  i+2 


i+1 


a3k+1((P(d)+P(e))-a3k_2P(d) 
a3k+2((P(d)+P(e))_a3k-lP(d) 


a3k+3((p(b)+P(c))-a3kP(b) 
a3k+4((P(b)+P(c))-a3k+1P(b) 


A(i)  =  a3k_1(P(c)-P(b)-6P(a))-a3k_2P(a)  <  0 
A(i+1)=  a3k+1(P(c)-2P(a))+a3k_1(P(c)+P(b)-3P(a))  >  0 


Table  2 


The  details  for  A(i)  and  A(i+1)  can  be  found  in  Appendix  C, 


A ( i  +2 )  =  A(i  +  1)  +  A(i) 


since  c.  -,=0,  hence 


A(i+2)  =  a3k_1(P(c)-P(b)-6P(a)+P(c)-P(b)-3P(a))  +  a3k+1(P(c)-2P(a))  -  a3k_2P(a) 
-  P(c)(a3k+1  +  2a3k-1)  -  P(a)(  2a3k+]  +  Qa^  +  a3k_2) 
=  P(c)(a3k  +  3a3k_1  +  a3k_2)  -  P(a)(2a3k  +  lla3k_1  +  3a3k_2) 
=P(c)(5a3k_1  +a3k_2)  -  P(a)(15a3k_1  +  3a3k_2) 
=  (  P(c)  -  3P(a)  )(  Sa^^  +  a3k_2  )  >  0  , 


since  P(c)  >  3P(a).  Then  N(6])>  N(G)  ,  since  A(i+1)>0,  A(i+2)>0,  and  0^=0. 
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Case  2:     lll(0n)k010   . 

k+1 
Replacing  this  configuration  by     11(011)       0     can  be  shown  to 

increase  N(G),  a  contradiction.  D 

6.3  Theorem 

The  solution  in  phase  2  contains  no  configuration  000  . 
Proof:  The  proof  is  similar  to  that  of  theorem  6.2  .  The  computations  are 
even  simpler,  because  the  a.'s  in  the  formulae  are  replaced  by  coefficients 
of  the  form  c-51   (for  a  constant  c)  from  phase  1,  since  configurations  (100) 
replace  the  configurations  (HO)1  in  the  analysis.  □ 

6.4  Theorem 

The  solution  in  phase  2  contains  no  configuration     01010   ;  this 
configuration  occurs  only  in  the  border  case  between  phases  1   and  2,  in  the 
case     n  e  0(mod  3)  and  I=n/3,  where  the  solution  is  of  the  form  (100)J101 (001 )k, 
j,k  >  0. 

Proof:  Assume  that  the  solution  G  contains  a  configuration  01010.  Construct 
a  graph  G,  by  replacing  this  configuration  with  10010.  We  compare  P  and  P-,  for 
several   vertices     in  both  G  and  G, . 


G   : 


61    : 


0         10         10- 

a-3     a-2     a-1       a         b         c  i       i+1 


10         0         10 


a-3     a-2     a-1       a 


i       i+1 


1 


i-2 
i-1 

i 


P(b)+P(c) 
2(P(b)+P(c)) 
3(P(b)+P(c)) 


P(a)+P(b)+P(c) 
P(a)+P(b)+2P(c) 
2(D(a)+P(b))+3P(c) 


P(a)  >  0 

P(a)-P(b)   <  0 

2P(a)-P(b)  >  0 


Table  3 
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By  lemma  4.4(5)   A(i+l )=2a(i ) ,  since  c.  3=0  and  c.  «sl  in  both  graphs.  This, 

together  with  c.  ^0,  implies  N(G-, )  >  M(G).  If  a(i'  )=2P(a)-P(b)  >  0   then 

N(G-| )  >  N(G)S  contradiction  the  optimality  of  G.   If  A(i)=0  and  N(G,)=N(G) 

then  P(b)=2P(a).  This,  by  lemma  4.4(5),  implies  c  ,=0  and  c  ~=1.  Consider 

a~  j        a-  c. 

the  two  possibilities  for  c  , . 

a  - 1 

ca_i  =  1  •   In  this  case  G-.  contains  a  111  starting  at  a-2,  and  thus  (by 

theorem  6.2)  G, ,  and  consequently  G,  are  not  solutions,  a  contradiction. 

c  ,  =  0  ,   In  this  case  G  and  G,  contain  01001010  and  01010010  starting 
a~  I 

at  a-3,  respectively.  But  now  G,  contains  01010  shifted  three  positions  to 
the  left.  Applying  the  same  argument  yields  the  configuration  01001010010 
in  G-j   (corresponds  to  01001001010  in  G),  and  01010010010  in  another 
solution  G?.  By  repeatedly  applyina  this  argument,  and  similarly  to  the 
right  of  the  original  configuration  01010  in  G,  we  can  prove  the  structure 
(100)J101(001)k  ,  j,k  >  0,  of  the  border  case  between  phases  1  and  2,  as  the 
only  exception. 

6.5  Theorem 

The  solution  in  phase  2  contains  no  configuration  10101  ;  this 
configuration  occurs  only  in  the  border  case  between  phases  2  and  3,  in  the 
case  n  =   2 (mod  3)  and  I  =  nI  ,  where  the  solution  is  of  the  form 
l(0n)j010(110)kl,  j,k  >  0. 

Proof:  Assume  a  solution  G  contains  10101.   If  the  solution  is  not  of  he 
desired  form  then  it  contains  either  11010(110)  01,  k  >.  1 ,  or 
C0J1  (011  )^010(110)10,  j,k  >_  0  (or  symmetric  configurations).  It  can  be  shown 
that  replacing  these  configurations  by  (110) k+1 1001  or  [0]100(110)J+k+1  , 
respectively,  increases  N(G),  a  contradiction.  O 

6.6  Conjecture:  The  solution  for  the  border  case  between  phases  2  and  3  is 
of  the  form  10(110)J1  (011  )k01 ,  j,k>  0,  where  |j-k|  <  1.  (see  also  conjec- 
ture 7.4) 
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6.7  Corollary 

A  solution  in  phase  2  contains  the  configuration  111  . 
Proof:  Follows  from  theorems  6.3,  6.4  and  6.5.  □ 

In  phase  2  the  forbidden  configurations  are  not  sufficient  for  a 
straightforward  proof  of  the  structure  of  the  solution,  as  was  the  case  in 
phase  1.  A  detailed  "case  analysis",  given  in  the  following  theorem,  is 
required. 

6.8  Theorem 

The  solution  in  phase  2  contains  none  of  the  following  configurations 
(j,k  >  0): 

a.  0100(110)J'[0](100)k1011 

b.  0100(110)J'[0](100)kll 

c.  010(110)J'[0](100)k1011 

d.  010(110)j[0](100)kll   . 

Proof:     We  prove  only  (a)   (with  the  optional  0);     the  rest  of  the  cases  are 

similar.       Suppose  the  solution  G  contains     0100(110)J'o(100)k1011 ,  j,k  >  0. 

k+2  i 

Construct  G,   by  replacing  this  configuration  with  0(100)       (110)J11.  Applying 

lemmata     5.2  and  6.1  we  calculate  F  and  P,   for  several   vertices   in  both  G  and 

V 


G   :     0     1  0  0  1      1     0   (110)J'_1   0  10  0   (100)k-1   10     11 

a  b  c  d    e  x    y  i   i+1  i+2  i+3  i+4 

G,:     0     1  0  0  (100)k+1         1  1     0  (110)J'_1         1     1        •  •        • 

a  b  c  w  x  i   i+1  i+2  i+3  i+4 
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w 


i+1 


a3j+1(P(d)+P(e))-a3j_2P(d) 


i3j+2(P(d)+P(e))-a3j_1P(d) 


5K(P(x)+P(y)) 


2-5K(P(x)+P(y)) 


2-5k+1(P(a)+P(b)) 


3-5k+1(P(a)+P(b)) 


a3j(P(w)+P(x))-a3i_3P(w) 


a3j+1(P(w)+P(x))-a3j.2P(w) 


A(i)  ■  2-5K(a3j_1  +  a3j_2)(P(a)  +  P(b))  >  0 


A(i+1)  =  -5K(a3j_-,  +  a3j_2)(P(a)  +  P(b))  <  0 


Table  4 


A(i)  and  A(i+1)  are  discussed  in  Appendix  D.  Let  A  =  P(a)  +  P(b).  Then 


A ( i  +2 )  =  A(i  +  1)  +  A(i)  =  5  -A-(a3.  1  +  a3-  2)  >  0  ,  and 


A(i+3)  =  2A(i+2)  =  2.5k.A-(a3._ 1  +  a3-  2)  > 


by  lemma  4.4(5).     Hence 


A(i+4)  =  A(i+3)   +  A(i+2)  +  A(i+1)   =  a(i'+3)   >  0 


(since     A(i+2)  =  -A(i+1)    ). 

Hence     N(G,)   >  N(G),  a  contradiction. 


D 
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6.9  Theorem 

The  solution  in  phase  2  does  not  begin  with  the  configuration  1010 
and  does  not  end  with  the  configuration  0101  . 

Proof:  Assume  that  the  solution  G  begins  with  1010.  Then  G  begins  with  either 
1010011  or  1010010,  since  any  other  configuration  ,  that  starts  with  1010, 
must  contain  a  forbidden  configuration.  If  G  starts  with  1010011  it  can  be 
easily  shown  that  replacing  this  by  1001011  increases  M(G),  a  contradiction. 
If  G  starts  with  1010010  it  can  be  easily  shown  that  a  graph  G, ,  obtained  from 
G  by  replacing  this  by  1001010,  satisfies  N(G1)=N(G).  But  G1  is  not  a  solution 
since  it  contains  the  forbidden  configuration  01010.  Hence  G  cannot  be  a 
solution. 

The  proof  for  the  second  part  follows  by  symmetry.      □ 

6.10  Theorem 

There  exists  a  solution  for  phase  2  of  the  form 

(100)110[0](110)J'[0]l(001)k  , 

i , j , k  >  0.  (The  options  are  according  to  n(mod  3)  ). 

Proof:  Consider  the  rightmost  occurrence  of  11  in  a  solution  for  phase  2.  This 
11  is  followed  by  [0]01(001)k  ,  k  >_  0,  since  111,000,01010  are  forbidden  con- 
figurations for  phase  2,  and  11  cannot  appear  in  this  configuration  (note  that 
this  solution  is  not  unique,  since  we  are  using  here  theorem  4.3  saying  that 
there  exists  a  solution  not  containing  near-end  edges).  The  corresponding 
analysis  applies  for  the  configuration  to  the  left  of  the  leftmost  occurrence 
of  11  in  the  solution. 

Therefore  it  remains  to  show  that  the  configuration  between  the  right- 
most and  the  leftmost  11  is  0(110)J"  .  This  configuration  almost  follows  from 
the  forbidden  configuration  shown  in  theorems  6.2  -  6.5  and  6.8  .  But  the 
solution  may  still  contain  a  110011.  Consider  the  leftmost  occurrence  of  110011, 
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Case  1:     The  solution  starts  with     (100)110(110)J0(110)k   .      It  can  be  shown  that 
replacing  it  by     (100)       (110)J+k  increases  N(G),  a  contradiction. 
Case  2:     The  solution  starts  with     (100)1 (110)J0(110)k   .     Consider  now  the  second 
leftmost  110011.      If  there  is  no  second  110011   then,  by  symmetry,   the  solution 
is  of  the  form     (100)1 (1 10)J(011 )k(001 )t.     But  it  can  be  shown  that  replacing  it 
by     (100)1+110(110)j+k~1l(001)t~1     increases  N(G),  a  contradiction.      If  there 
exists  a  second  110011   then  the  solution  starts  with     (100)1  (n0)J0(110)k0(110)t. 
It  can  be  shown  that  replacing  it  by     (100)1  +  110(110)J'+k+t~1     increases  M(G),  a 
contradiction. 
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VII.   PHASE  3 

7.1  Lemma 

The  number  of  paths  P(a+j)  to  the  j-th  vertex  from  a  in  a  configuration 

0  111,  k>0,  in  a  qraph  G  can  be  expressed  as  a  function  of  P(a)  and  P(b), 

a  b 
where  a  and  b  are  the  two  consecutive  vertices  at  the  beginning  of  the  configura- 
tion, as  follows: 

P(a+j)  ■  F^(P(a)  +  P(b))  -  F]_3P(a)  ,    j  >  2  , 

3  3 

where  F.  denotes  the  t-th  3-generalized  Fibonacci  number,  and  F  =0  for  t  <_  0. 

Proof:  By  induction  on  j  (see  Appendix  E). 

7.2  Theorem 

In  the  solution  in  phase  3  the  non-edges  are  disjoint. 
Remark:     Compare  this  theorem,  and  the  "case  analysis"   in  its  proof,  with  those 
of  theorem    5.3     in  phase  1    (concerning  edges  rather  than  non-edges). 
Proof:     Assume  that     a  solution  G  contains  either     00     or     010. 
Case  1:     010   . 

Since  we  are  in  phase  3  G  must  contain  a  111.     Wlog  we  assume  the 

k  k+? 

configuration  010(110)  111,  k  >  0,  in  G.  Replacing  this  by  (011)    increases 
N(G),  (this  is  shown  by  applying  lemma  6.1  ),  a  contradiction. 
Case  2:  00  . 

As  in  case  1  we  may  assume  the  configuration  00(110)  111,  k  >,  0,  in  G. 

k+1 
Replacing  this  by  0(110)   1  increases  N(G),  (as  before,  by  applying  lemma  6.1  ), 

a  contradiction.  n 

7.3  Theorem 

The  solution  in  phase  3  is  composed  of  two  runs  of  consecutive  disjoint 
non-edges,  one  starting  with  one  near-end  edge  and  the  other  ending  with  the 
other  near-end  edge, 

10(110)V(011)k01,  i,k  >  0,  j  >  3. 
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Proof:      In  phase  3  we  have  a  stronger  version  of  theorem  4.3,  where  we  showed  that 
the  solution  contains  both  near-end  edges.     By  the  previous  theorem  the  non-edges 
are  disjoint,  hence  the  solution  contains  at  least  two  runs  of  consecutive  disjoint 
non-edges,  one  starting  with  one  near-end  edge  and  the  other  endinq  with  the  other 
near-end  edge   (these  runs  may  contain  only  one  non-edge).     Therefore  it  remains 
to  show  that  there  are  no  more  runs  of  consecutive  disjoint  non-edges. 

Suppose  G  contains  more  such  runs;     then  G  contains  at  least  two  runs 

of  consecutive  edges     (i.e.     1J   for  some     j  >  3).     Hence  G  contains  a  configura- 

i  k   t 

tion     01J0(110)   1    ,  j,t  >   3,   k  >  0.      Construct  a  graph  G,   by  replacing  it  by 

0(110)k+1lJ+t"2.     We  apply  lemmata  6.1   and  7.1     to  calculate  P  and  P]   for  several 

vertices   in  G  and  G, . 


G     :     0     1      1      1J~2  0     110   (110)k_1    1 


a     b 


x    y 


G,    :     0     1      10   (110)kl      1  lj"2 

a     b  x     y 


i-2   i-1      i      1+1    i+2 

•  •  •  •  • 

i-2   i-1      i      i+1    i+2 


i-2 


i-1 


Fj+1(P(a)+P(b))-Fj_2P(a) 
Fj+2(P(a)+P(b))   -Fj_]P(a) 
a3k+2(P(x)+P(y))-a3k_1P(x) 


a3k+3(P(x)+P(y))-a3kP(x) 
a3k+4(P(x)+P(y))-a3k+1P(x) 


a3k+3(P(a)+P(b))-a3(<P(a) 

a3k+4(P(a)+P(b))-a3k+1P(a) 

F1(Pl(x)+Pl(y))-FJ-3P(x) 


Fj+1(P1(x)+P1(y))-Fj_2P(x) 
Fj+2(P1(x)+P1(y))-F       P(x) 


Fj_2(a3k_1P(b)+ 
(a3k+2+a3k+l)P(a))>  ° 
"Fj-3a3k+2P(a)   *  n 

Fj-3a3k+2^P(b)-P(a^ 


Table  5 
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The  details  for  a(i")  >  0  are  found  in  Appendix  F. 

In  a  way  similar  to  A(i)  it  can  be  shown  that 

A(i+D  =  Fj_2(  (a3k+1+a3(<_1)(P(a)+P(b))  +  a3k_.,P(b)  )  + 

Fj-3(3a3k+l   "  a3k-2)(P(b)   "  P(a))  >  °   •  and 
A ( i  +2 )  >  A(i+1)  +  A(i)  +  A(i-l)    . 

Therefore 

A(i+2)  1  Fj_2(   (a3k+1  +  a3k_1)(P(a)+P(b))  +  a3k_.,P(b)   )  + 

Fj-3^3a3k+l   "  a3k_2)(P(b)-P(a))    )  + 

Fj-3a3k+2(P(b)-P^a^   -   Fj-3a3k+2P(a) 
>   Fj-3(a3k+2  +  a3k+l  +  a3k.1)(P(b)-P(a))  +  Fj.3a3k+2(P(b)-2P(a) ) 
F.  3a3|<+2(2P(b)  -  3P(a))  >  0   ,     by  lemma  4.4(1). 


> 


therefore     N(G-.)  >  N(G),  a  contradiction.  D 

7.4     Conjecture:  The  numbers  of  non-edges   in  the  two  runs  of  consecutive  disjoint 
non-edges,  in  the  solution  of  phase  3,  differ     by  at  most  one     (compare  with 
conjecture  6.6). 

We  couldn't  prove  this,  since  multiplications  of  a.'s  are  involved  in 
the  computation  of  N(G);     however,  experimental   results  seem  to  support  our 
conjecture. 
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APPENDICES 

Appendix     A 

Proof  of  lemma  4.4: 

1.  P(i+1)  <  P(i)  +  P(i-l)  +  P(i-2)   <  2P(i)   . 

P(i  +  1)  >  P(i-l)  +  P(1)  >.|P(i)   by  the  preceding  line. 

2.  P(i+2)  *  P(i)  +  P(i+1)  >  |p(i)  by  (1). 

P(i+2)  <  P(i+1)  +  P(i)  +  P(i-l)  <  ZP(1)  +  P(i)  +  |p(i)  =  ilf(i)  by  (1). 

3.  P(1+3)  >  P(1+2)  +  P(1+l)  >  |p(1)  +  |p(i)  =  4P(i)  . 

P(1+3)  <  P(i+2)  +  P(i+1)  +  P(i)  <  (11  +  2  +  l)P(i)  =  ^P(i)  . 

4.  P(i+3)  <  2P(i+2)  by  (1). 
If  c.=l  then 

P(i+3)  >  P(i+2)  +  P(i+1)  +  P(i)  >  |p(i+2)  +  P(i)    by  (1) 
>  |p(i+2)  +  ^P(i+2)  =  §P(i+2)    by  (2)  . 

5.  P(i+3)  =  P(i+2)  +  P(i+1)   since  c.=0,  hence 

P(i+4)  =  P(i+3)  +  P(i+2)  +  P(i+1)  =  2P(i+3)   (since  c+1=l), 
and  in  any  other  case   P(i+4)  <  2P(i+3). 

Appendix  B 

End  of  proof  of  theorem  5.4: 
We  prove  that 

Ft0+3*   ^+3     •*••     FtI+3       -      4*5       *   Fn-3I+4 

for  any  n,     0  <  I   <j^l ,  and  the  t.'s  satisfying     Et.   =  n-3-I. 

Theorem  4.2  implies  this  inequality  for  1=1,2  and  any  n.   we 
assume  it  holds  for  I    (and  any  n),  and  prove  it  for  1+1    (and  any  n). 
By  the  inductive  hypothesis  we  have 
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T-? 
F         «F  • • •    F         •   F  <  4*5       •   F  „•    F 

rtQ+3  "^^+3  tj+3       tI+1+3  -      °  V-3I+4       tj+]+3     ' 

where     n'   =  n  -   tT+,   -   1    . 

Now  we  use  the  inequality 


F     •   F       <Fir'F,I-     =     5F,l-  for     n,m  >  5 

n         m    —      5         n+m-5  n+m-5 

(which  is  easily  proved  by  induction),  to  show  that 

4'5   "'Fn'-3I+4'  FtI+1+3  -  4'5   '  Fn-3I+1  . 


Hence 

F    •  F     • • •  F    •  F       <  4.5   •  F 

rtQ+3   t^3     rtT+3   tI+1+3  -  4  D     n-3(I+l)+4 


Appendix  C 

a(i')  and  a(i'  +  1)  in  the  proof  of  theorem  6.2: 
P(d)  =  P(c)  +  P(b)  +  P(a)  , 

P(e)  =  P(d)  +  P(c)  +  P(b)  =  2P(c)  +  2P(b)  +  P(a)  , 
P(e)  +  P(d)  =  3P(c)  +  3P(b)  +  2P(a). 
A(i)  =  P^i)  -  P(i) 

=P(c)(a3k+3-3a3k+1+a3k_2)  +  P(b) (a3k+3-a3k-3a3k+1+a3k_2)  + 

P(a)(-2a3k+1+a3k_2) 
=P(c)(a3k+2-2a3k+1+a3k+a3k_2)  +  P(b)(a3k+2-2a3k+1+a3k_2)  + 

P(a)(-2a3k-2a3k_ra3k_2) 
=P(c)(-a3k+1+2a3k+a3k_2)  +  P(b)(-a3k+1+a3k+a3k_2)  + 
P(a)(-6a3k_ra3k_2) 

=P(c^a3k-a3k-l^  +  p(b)("a3k-l)  +  P(a^-6a3k-ra3k-2} 
=a3|<_1(  P(c)-P(b)-6P(a)  )  -  a3k_2P(a) 

=a3k_1(P(w)-5P(a))-a3k_2P(a) 

<(-4a3k_ra3k_2)P(a)  <  0      since  P(w)  <  P(a)  . 
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A(i-M)  =  P(c)(a3k+4-3a3k+2+a3k_1)  +  W^^"^-^^^..,)  + 
■  P(a)(-2a3k+2+a3k_1) 

=  P(c)(a3k+3-2a3k+2+a3k+1+a3k_1)  +  PMUg^ag^+a^)  + 

P(a)(-2a3k+1-2a3k+a3k_1) 
=  P(c)(a3k+1+a3k_-1)  +  P(b)a3k.1   +  P(a)(-2a3k+1-3a3k.1 ) 
=a3k+1(P(c)-2P(a))  +  a3k.1(P(c)+P(b)-3P(a))  >  0     ,       since 

P(c)   =  P(b)+P(a)+P(w)   >  2P(a)+2P(w)  >  3P(a)     by  lemma  4.4(1). 

Appendix     D 

A(i)   and  A(i+1)   in   the  proof  of  theorem  6.8: 

Note  that     P(d)  =  2(P(a)+P(b)),  P(e)  =  3(P(a)+P(b))     and 
P(d)+P(e)   =  5(P(a)+P(b)),   and  let     A  =  P(a)+P(b). 

4(1)-  a3j5K  ^A  -  a3j_32-5K    7,  -   5K(    (a3j+1+a3j+2)5A  -   (a3j._-| +a3j_2 )2A  ) 
=5kA(25a3j-10a3j_3-5a3j+r5a3j+2+2a3j.1+2a3j.2) 
=5kA(-10a3j+1+20a3j+2a3j.1+2a3j.2-10a3j.3) 
=5kA(10a3.-8a3..]-8a3j_2-10a3j_3) 
=5kA(2a3j.1+2a3j.2)  >  0   . 
4(i+l)=a3j+15k+2A  -  a3j_22-5k+1A  -  2-5k(   (a3j+1+a3j+2)5A  -  (a3j.1+a3j.2)2A  ) 
=5kA(25a3j+1-10a3j.2-10a3j+1-10a3j+2+4a3j.1+4a31_2) 
=5kA(-10a3j+2+15a3j+1+4a3j_r6a3l._2) 
=5kA(5a3j+1-10a3j+4a3j.r6a3j_2) 


=5  A(-5a3j+9a3j.ra3j_2) 


=-5kA(a3J_1+a3J_2)  <  0         (since     a3j  =  Za^.,). 

Appendix     E 

Proof  of  lemma  7.1 : 

P(a+2)  =  P(a)  +  P(b)     and     P(a+3)  =  2(P(a)  +  P(b)). 
Assume  the  formula  holds   for  j<n.     For  j=n  we  get 
P(a+n)  =  P(a+n-l)  +  P(a+n-2)  +  P(a+n-3) 
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